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SuBDIVISION FROUDE NUMBER o

By David H. Schoellhamer,' A. M. ASCE, John C. Peters,’ T

and Bruce E. Larock,’ Members, ASCE N '_':

o

INTRODUCTION ,'.!‘
The standard step method calculates one-dimensional steady state water - j
surface profiles by iterating upon the equations for energy conservation e
and head loss between adjacent cross sections (3). These calculations g
begin at and proceed away from the controlling boundary cross section. @/ _—
If the flow regime is subcritical the calculations proceed upstream from ;

the downstream boundary, and if the flow regime is supercritical the .J
calculations proceed downstream from the upstream boundary. But this
procedure must in some sense be invalid for compound sections in which
both flow regimes may occur in different portions of a cross section.
Usually when this occurs, the flow in the main channel is in the super-
critical regime and the flow in the overbanks is in the subcritical regime
(6).

The development and testing of a subdivision Froude number with
which the flow regime in each of the three major cross-sectional sub-
divisions (the two overbanks and the main channel) can be identified is
described. This Froude number is compatible with HEC2, a widely used
model that employs the standard step method (3,4). The determination
of a Froude number for each flow subdivision can enhance the engi-
neer’s ability to evaluate the validity of a one-dimensional analysis.
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The Froude number indicates the flow regime. A value less than one
indicates subcritical flow, and a value of greater than one indicates su-
percritical flow. The simplest definition of the Froude number assumes
a uniform velocity distribution so that
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in which F = Froude number; V = mean velocity; ¢ = gravitational ac-

celeration; and D = hydraulic depth (area divided by top width) (5). A s
Froude number that considers a nonuniform velocity distribution is .
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in which a = Coriolis coefficient. Petryk and Grant (6) developed a Froude
number that is the discharge-weighted average of the simple Froude
number of Eq. 1 within every subsection. Blalock and Sturm (1) derived
a composite Froude number that accounts for the variation of the Cor-
iolis coefficient as a function of the water surface elevation.

Froude number is related to the slope of the specific energy curve.
Both Henderson (5) and Blalock and Sturm (2) show for their Froude
numbers that

and y = depth. Therefore, when the slcpe of the specific energy curve
is positive, the flow is subcritical, and when the slope is negative, the
flow is supercritical.

SusoivisioN FROUDE NumBEeR

A problem in developing a subdivision Froude number is that the dis-
charge in a subdivision is dependent on the water surface elevation.
Therefore the two simple Froude numbers that are defined by Eqs. 1
and 2 are not appropriate for subdivisions of a cross section. Consid-
ering subdivision discharge to be a function of the water surface ele-
vation also invalidates the Froude number of Petryk and Grant (6), which
Blalock and Sturm (1) showed was inaccurate. Blalock and Sturm’s (1)
composite Froude number is accurate for an entire cross section, but it
is not accurate for subdivisions because it also fails to consider the change
of subdivision discharge with water surface elevation.

A subdivision Froude number which allows the discharge to vary with
the water surface elevation can be derived from the definition of specific
energy. The derivative of specific energy in a subdivision with respect
to depth is taken, and both the Coriolis coefficient and the subdivision
velocity are assumed to vary with depth. The derivative is substituted
into Eq. 3 to arrive at the expression for the subdivision Froude number

2 12

={3—E[%<Kq‘i§—l<d—&—d>+v,du]——v—ﬁ@} S S (5)

gAq LK\ “dy o dy 2g dy
in which V,; = subdivision velocity; A, = subdivision area; Q = cross
section discharge, K = cross section conveyance; K,; = subdivision con-
veyance; and T, = subdivision top width. The derivatives of subdivision
conveyance and Coriolis coefficient are given elsewhere (1.7). The com-
plete derivation of Eq. 5 is given by Schoellhamer (7).

Blalock and Sturm used the same approach to derive their compound
Froude number and showed that it was in agreement with experimental
results (1). They later stated that use of a celerity that is derived from
the method of characteristics produces the identical Froude number (2).
Because the compound and subdivision Froude numbers are very sim-




e S S At A s L AR E A A AN AE AN £ e ACA AR A A SN AL A LR A e N A A

ilar, the method of characteristics would also be expected to show that
the subdivision Froude number is correct. In addition, testing shows
that the subdivision Froude number is compatible with both the velocity
and the specific energy that one finds in a subdivision.

Testing Susoivision FROuoe NUMBER

The sample trapezoidal cross section of Fig. 1 was initially used to test
the subdivision Froude number (7). Five flow rates were tested—100,
1,000, 5,000, 10,000, and 50,000 cfs (1 cfs = 0.028 m*/s). These flow rates
represent extremely low flow, critical depth in the main channel, mul-
tiple critical depths, critical depth above the main channel, and ex-
tremely high flow, respectively. Each flow rate was tested over a wide
range of depths. Two subdivision Froude numbers were calculated, one
for the main channel and one for the two identical overbanks. In ad-
dition, both the specific energy (Eq. 4) and the derivative of the specific
energy were calculated in both subdivisions.

The results of applying the subdivision Froude number to the main
channel are very good. For the three largest flow rates, the subdivision
Froude number correctly indicates the depth at which the specific energy
in the main channel is a minimum, as shown in Table 1. The subdivision
Froude number is also compatible with the calculated specific energy for
all depths, thus demonstrating the validity of the energy approach used
to derive the subdivision Froude number.

The results of applying the subdivision Froude number to the over-
bank are quite interesting. As shown in Table 2, when the depth in the
overbank is very shallow, less than 1.3 ft (0.40 m) for this cross section,
the derivative of specific energy with respect to depth is greater than
one. This occurs because the velocity head in the overbank increases
with depth up to 1.3 ft (0.40 m) and decreases for greater depths. And
because the velocity distribution in the overbank is nearly uniform, the
velocity behaves like the velocity head. The increase in velocity head
over shallow depths in the overbank is intuitively reasonable.

Because the derivative of specific energy is greater than one, Eq. 3
shows that the Froude number squared is equal to a negative number.
For this condition Eq. 5 shows that

AgdK  AYd dK
K,,(T,.+—"—+—"-3)< R 6)
K dy 2ady dy
n=0.08 n=0.03 n=0.08
80C FEET 82 FEET 8600 FEET
1 - 1
] 1] [] ]
6 FEETJ‘, \ !
70 FEET

FIG. 1.—Trapezoidal Test Section (1 ft = 0.3 m)
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TABLE 1.—Subdivision Froude Number, Main Channel Resuits®

Flow rate (cfs) Depth (ft) Subdivision F E (f1) dE /dy
(1) (2 (3) (4) (5)

5,000 6.3 1.071 7.837 -0.146
6.6 1.049 7.825 -0.100

6.7 1.019 7.818 -0.038

6.8 0.983 7.818 0034

6.9 0.944 7.825 0.108

7.0 0.904 7.839 0.1%3

10,000 7.9 1.114 9.555 ~0.240
8.0 1.062 9.536 -0.128

8.1 1.013 9.529 -0.027

8.2 0.968 9.530 0.064

8.3 0.924 9.541 0.145

8.4 0.884 9 559 0.219

50,000 13.1 1.057 16.686 -0.116
13.2 1.034 16.676 -0.069

13.3 1.012 16.672 -0.023

13.4 0.99 16.671 0.018

13.5 0.971 16.675 0.058

13.6 | 0.951 16.683 0.09

‘1c¢fs = 0.028m'/s, 1 ft = 0.3 m.

TABLE 2.—Subdivision Froude Number, Overbank Results*

Flow (cfs) | Depth (f) | Velocity (fps) | Subdivision F | E(f) | dE/dy
(M (2) (3) (4) (5 1t (8
5.000 1.0 0.827 3 1.011 | 1.003

11 0.836 v 1111 | 1.002

1.2 0.840 b 1211 | 1.001

13 0 841 0.010 1.311 | 1.000

1.4 0.840 0.027 1411 | 0.999

15 0.836 0.035 1511 | 0999

10,000 1.0 1.635 v 1.043 | 1.011
11 1.672 > 1.143 | 1.007

12 1.681 ’ 1.244 | 1.003

l 13 1.683 0.019 1.344 | 1.000

R | 1680 0.054 1434 | 0.997
R 1.672 0.070 1.543 | 0.995

50,000 ¢ 10 ‘ 8.273 ® 2063 | 1.278
o1t 83%9 > 2185 | 1164

12 840 b 2296 | 1.069

l 1.3 ‘ 8314 0095 2399 | 0.991

14 | 38 0.268 2495 | 0923

[ 15 | 530 0.349 2385 | 0878

‘lefs = 0028 m'/s, 1fps =03m/s, 1 ft = 0.3 m.

"Imaginary number.

Note: The datum for depth and specific energy 1s the bottom of the overbank
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Eq. 6 shows that the range of depths over which the subdivision Froude
number is imaginary is independent of the cross section discharge. This
independence has already been implicitly assumed and is confirmed by
the results.

When the two sides of Eq. 6 are equal, the subdivision Froude number
equals zero and the derivative of specific energy equals one. The depth
at which the derivative in the overbank exactly equals one is the depth
at which the derivative of the velocity head in Eq. 5 equals zero. This
is the depth of maximum overbank velocity head, which for all practical
purposes is the depth of maximum overbank velocity, as verified by Ta-
ble 2.

Thus an imaginary subdivision Froude number indicates that the ve-
locity head is increasing with depth, and therefore the depth in the
floodplain is relatively shallow. For this condition it can be conduded
that the flow in the overbanks is subcritical because the Jerivative of
specific energy is positive. An imaginary subdivision Froude number may
indicate that the overbank flow is too shallow to be modeled properly
by the standard step method.

Five test problems containing 193 cross sections were run with a mod-
ified version of HEC2 which calculated subdivision Froude numbers. The
first test problem was the Red Fox River, which is a problem used by
the Hydrologic Engineering Center in training courses on HEC2. Four
other test cases were chosen from the test data that is provided to users
with each copy of the program (4). These tests (numbers 1, 5 14, and
15) provided a wide variety of both natural and artificial cross sections.
Of the cross sections tested, eleven had a mixed flow regime and 36 had
at least one imaginary subdivision Froude number.

CoNCLUSION

A subdivision Froude number has been developed and tested. A
Lnowledge of the magnitude of the subdivision Froude numbers im-
proves the engineer’s ability to identify mixed flow regimes and shallow
floodplain flow, both of which invalidate the assumptions of the stan-
dard step method. A two-dimensional analysis is probably more appro-
priate in these circumstances.

ACKNOWLEDGMENTS

The Hydrologic Engineering Center provided computer facilities used
during this inveshgation. In addition, the writers would like to thank
Bill Eichert, Richard Haves, and Al Montalvo of the Hyvdrologic Engi-
neering Center and Johannes DeVries, of the University of California,
Davis, for their valuable assistance.

APPENDIX |.—REFERENCES

1. Blalock, M E.. and Sturm. T W, “Mimimum Specitic Energy in Compound
Open Channel."”” Journal of the Hydraulics Dizision, ASCE, Vol 107, No. HY6,
Proc. Paper 16292, June. 1981, pp. 699-717.

2. Blalock, M E, and Sturm, T W_, closure to “Mimmum Specific Energy in

,
Ao ea's s

P
PR
..
Pl g

et b 2 2"

P S S

R A A N

L
2 0 A i S

Pl
. %

Tt
.
.
'a

.
. .
thate suen. o

P
2 ta s e



Rt Sl Sl s et Anth el g Al aad e AntSnil Jeed Wl sl it Mol Jend jns ed o

Compound Open Channel.”” Journal of the Hydraulics Diwvision, ASCE, Vol 109,
No. HY3, March, 1983, pp. 483-486.

3. HEC2 Water Surface Profiles User Manual, United States Army Corps of Engi-
neers, H_\'drologic Engineering Center, Davis, Calif., 1981.

4 HEC2 Water Surface Profiles Programmers Maua!, with errata, United States Army
Corps of Engineers, Hydrologic Engineering Center, Davis, Calif., 1982.

5. Henderson, F. M., Open Channel Flow, Macmillan Publishing Co., New York,
N.Y., 1966, pp. 18-21, 28-31, 35-36, 38-40, 103, 365-366.

6. Petryk, S., and Grant, E., ““Critical Flow in Rivers with Flood Plains,” journal
of the Hydraum.- Division, ASCE, Vol. 104, No. HYS, Proc. Paper 13733, May
1978, pp. 583-594.

7. Schoellhamer, D. H., “Calculation of Critical Depth and Subdivision Froude
Number in HEC2,”" thesis presented to the Unuversity of California, at Davis,
Calif., in 1983, in partial fulfiliment of the requirements for the degree of Mas-
ter of Science.

AppPenDIX {l.—NoTaTION

The following symbols are used in this paper:

T~

e

A = cross section area;
Ay = subdivision area;
D = hydraulic depth (area divided by top width);
E = specific energy;
F = Froude number;
g = acceleration of gravity;
Ky subdivision conveyance;
K = cross section conveyance (sum of K's);
Qu = subdivision discharge;
Q = cross section discharge;
T, = subdivision top width;
V = mean cross section velocity;
Vs = mean subdivision velocity;
y = water depth; and
a = Coriolis coefficient.
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TECHNICAL PAPERS (TP)(Continued)

HEC HEC NTIS

NUMBER TITLE PRICE NUMBER
$2.00 Each

TP-79 Potential Energy and Capacity Gains from AD-A109 787

Flood Control Storage Reallocation
at Existing U. S. Hydropower
Reservoirs, B. S. Eichert and

{ V. R. Bonner, Jun 81, 18 pp.

TP-80 Use of Non-Sequential Techniques in the AD-A109 788
‘ Analysis of Power Potential at Storage
i Projects, G. M. Franc, Jun 81, 18 pp.

TP-81 Data Management Systems for Water Resources AD-All14 650

{ Planning, D. W. Davis, Aug 81, 12 pp.

TP-82  The New HEC-1 Flood Hydrograph Package, A. D. AD-A114 360
Feldman, P. B. Ely and D. M. Goldman,
May 81, 28 pp.

TP-83 River and Reservoir Systems Water Quality AD-All14 192
Modeling Capability, R. G., Willey,
Apr 82, 15 pp.

TP-84 Generalized Real-Time Flood Control System AD-Al14 359
Model, B. S. Eichert and A. F. Pabst,
Apr 82, 18 pp.

TP-85 Operation Policy Analysis: Sam Rayburn AD-A123 526
Reservoir, D. T. Ford, R. Garland
and C. Sullivan, Oct 81, 16 pp.

TP-86 Training the Practitioner: The Hydrologic AD-A123 568
Engineering Center Progranm,
W. K. Johnson, Oct 81, 20 pp.

TP-87 Documentation Needs for Water Resources AD-A123 558
Models, W. K. Johnson, Aug 82, 16 pp.

TP-88 Reservoir System Regulation for Water AD-A130 829
Quality Control, R.G. Willey,
Mar 83, 18 pp.

TP-89 A Software System to Aid in Making Real-Time AD-A138 616
Water Control Decisions, A. F. Pabst
and J. C. Peters, Sep 83, 17 pp.
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TECHNICAL PAPERS (TP)(Continued)

HEC
TITLE PRICE

NTIS

NUMBER

$2.00 Each

Calibration, Verification and Application
of a Two-Dimensional Flow Model,
D. M. Gee, Sep 83, 6 pp.

HEC Software Development and Support,
B. S. Eichert, Nov 83, 12 pp.

Hydrologic Engineering Center
Planning Models
D. T. Ford and D. W. Davis,
Dec 83, 17 pp.

Flood Routing Through a Flat, Complex
Floodplain Using A One-Dimensional
Unsteady Flow Computer Program,

J. C. Peters, Dec 83, 8 pp.

Dredged-Material Disposal Managgment
Model, D. T. Ford, Jan 84, 18 pp.

Inflitration and Soil Moisture Redistribution
in HEC-1, A. D. Feldman, Jan 84,

The Hydrologic Engineering Center Experience
in Nonstructural Planning, W. K. Johnson
and D. W. Davis, Feb 84, 7 pp.

Prediction of the Effects of a Flood Control
Project on a Meandering Stream,
D. M. Gee, Mar 84, 12 pp.

Evolution in Computer Programs Causes Evolution
in Training Needs: The Hydrologic
Engineering Center Experience, V. R. Bonner,
Jul 84, 20 pp.

Reservoir System Analysis for Water Quality,
J. H. Duke, D. J. Smith and R. G. Willey,
Aug 84, 27 pp.
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668

009

010

011

008

626

860

951

601

680
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TP-100

TP-101

TP-102

TP-103

TP-104

TP-105

TP-106

TP-107

TP-108

TP-109

TP-110

TECHNICAL PAPERS (TP)(Continued)

J. C. Peters and P. B. Ely,
May 85, 7 pp.

Dredged-Material Disposal System Capacity
Expansion, D. T. Ford, Aug 85, 23 pp.

Role of Small Computers in Two-Dimensional
Flow Modeling, D. M. Gee, Oct 85, 6 pp.

One-Dimensional Model For Mud Flows,
D. R. Schamber and R. C. MacArthur,
Oct 85, 6 pp.

Subdivision Froude Number,
David H. Schoellhamer, John C. Peters,
and Bruce E. Larock, Jul 85, 6 pp.

HEC NTIS
TITLE PRICE NUMBER
2.00 Each

Probable Maximum Flood Estimation - Easterm AD-A146 536
United States, P. B. Ely and J. C. Peters,
Jun 84, 5 pp.

Use of Computer Program HEC-5 For Water AD-A146 535
Supply Analysis, R. J. Hayes and
Bill S. Eichert, Aug 84, 7 pp.

Role of Calibration in the Application AD-A149 269
of HEC-6, D. Michael Gee, Dec 84,
19 pp.

Engineering and Economic Considerations Al150 154
in Formulating Nonstructural Plans,
M. W. Burnham, Jan 85, 16 pp.

Modeling Water Resources Systems for AD-A154 288
Water Quality, R. G. Willey,
D. J. Smith and J. H. Duke,
Feb 85, 10 pp.

Use of a Two-Dimensional Flow Model to AD-Al154 287
Quantify Aquatic Habitat, D. M. Gee
and D. B. Wilcox, Apr 85, 10 pp.

Flood-Runoff Forecasting with HEC1F, AD-A154 286
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